Abstract. A weighted dual mean square criterion for stochastic equivalent linearization method is considered in which the forward and backward replacements are weighted. The normalized weighting coefficient is suggested as a piecewise linear function of the squared correlation coefficient and is defined by the least square method based on the data of Lutes-Sarkani oscillator. The application to two typical nonlinear systems subjected to random excitation shows accurate approximations when the nonlinearity varies from the weak to strong levels.
INTRODUCTION
In the study of random vibration, the stochastic equivalent linearization method proposed separately in [1, 2] is one of most popular methods for analyzing nonlinear system. The development of its kernel, the classical criterion, leads to several criteria that are summarized in the papers [3, 4] and presented in the books [5] [6] [7] . It can be seen that the diverse ideas and new approaches make stochastic equivalent linearization more attractive. Recently, using the dual approach introduced in [8] , a dual mean square error criterion of stochastic linearization is proposed in [9] in which dual replacements are used. Its application to investigation of approximate mean-square responses shows good results in cases of Duffing, Van der Pol oscillators but unacceptable in cases of Lutes-Sarkani oscillator with variety of nonlinearities [9] . It is observed that the dual criterion is only effective in a limited range of nonlinearity based on the value of the squared correlation coefficient [9, 10] .
We therefore develop a more general form of the dual criterion by considering weighted contributions of forward and backward replacements in which the normalized weighting coefficient depends on the squared correlation coefficient [11, 12] . The simplicity and accuracy of the weighted criterion are checked on several random vibration systems with nonlinear restoring or nonlinear damping.
WEIGHTED DUAL CRITERION

Basic idea of the weighted dual criterion
Anh et al. [9] proposed a dual criterion to the equivalent linearization method by the following expression
Here < · > denotes the expectation operator, A and B are random nonlinear and linear functions that have zero mean values, k is equivalent linearization coefficient and λ is return coefficient. The first mean square of (1) describes the forward replacement, and the second one is the backward replacement. The replacement process can be illustrated schematically as bellow A → kB → λA Applying (1) to several nonlinear systems has shown that the dual criterion can give good results only for a limited level of nonlinearity [9, 10] . A major reason may be that the contributions of the forward and backward replacements in the dual criterion (1) are evaluated with equal influences while in fact they would be different. Thus, we consider a weighted form of (1) as follows [11, 12] 
where using the normalized weighting coefficient
It is seen from (2) that S wd is the weighted mean of the forward and the backward replacements. In the case p = 1/2, (2) has the form of the dual criterion (1) that expresses the equal contributions of replacements. Given a weighting coefficient p and supposing that A 2 > 0, B 2 > 0, the equivalent linearization coefficient k and return coefficient λ are determined by the minimum condition from (2)
Solving the system of Eqs. (4) yields
where it is denoted
and supposed µp = 1.
For understanding the meaning of µ, we first consider the correlation coefficient of A and B which is defined as (see [13] )
Following the Schwarz inequality |AB| ≤ A 2 B 2 1/2 , one get |r| ≤ 1. Clearly, the coefficient µ in Eq. (7) is the squared correlation coefficient
It is well known that the correlation coefficient r or the squared correlation coefficient r 2 are used as a measure of the linear dependence when the function A is approximated by the linear function kB (see [13] ). For this reason, µ is called the linear dependence level between A and B. In statistics, a correlation is an effect size, so guidelines on strength can be suggested (see [13] ). Based on the value of µ, it can be seen that:
-When µ = 1 given by A = αB, the linear approximation is an exact fit. In this case the linear dependence level is strongest.
-When µ = 0 given by AB = 0, the linear approximation is the worst. In this case A and B are said to be uncorrelated and orthogonal, the linear dependence level is weakest.
Therefore, the important properties of the linear dependence level µ may be used as one of the major possibilities to perform the main features of the weighted dual criterion (2) . Moreover, it is noted that µ may be an explicit value in case the considered functions have zero mean. In the next section, we will combine the contributions of replacements with µ to construct the weighting coefficient p.
Analytical expression of weighting coefficient
In the weighted dual criterion (2), the contribution of the forward and backward replacements is evaluated by the value of the weighting coefficient p. Consider particular cases as follows:
Case (i). This case shows the highest contribution of forward replacement given by p = 0. The criterion (2) now reduces to the classical mean square error criterion
The equivalent linearization coefficient defined from (14) is
Substituting (12) into (11) yields the minimum of S wd respect to k
We see from (13) that the obtained criterion (11) yields good linear approximation when the value of µ is near to 1, namely in the interval [0.85,1] as shown in [9, 10] , especially the best one when the linear dependence is the strongest, µ = 1.
Case (ii). This case shows the equal contribution of forward and backward replacements given by p = 1/2. The criterion (2) now becomes the dual criterion (1) . As shown in [9, 10] , the application of the dual criterion for several nonlinear oscillators illustrates how its effective range is related to the values of µ, particularly, when µ belongs to the interval from 1/3 to 2/3.
Case (iii). This case shows the highest contribution of backward replacement given by p = 1. The criterion (2) now has only
Using the minimum condition in (14), one has
There are two possible outcome with two equations in (15) -AB 2 / A 2 B 2 = 1 leads to an infinite number of k and λ, but it is contrary to (8) due to p = 1, µ = 1, so it is rejected.
-leads to trivial solutions k = λ = 0, it is corresponding to the weakest linear dependence level, µ = 0.
It is observed in above cases (i, ii, iii) that there is a relationship between p, µ and the error of approximate solutions to each other. Since it is difficult to make the exact mathematical expression of p in term of µ, so in this paper we seek for a weighting coefficient in the piecewise linear form of the linear dependence level.
Based on the results of investigation in [9, 11] . It is suggested that p(µ) can be expressed in the form, p (µ) = 1/2 for µ ∈ [1/3, 2/3]. For simplicity, the linear dependence level is divided into three parts and the corresponding function p(µ) is a piecewise linear function as below:
-Weak linear dependence level,
Using those boundary conditions (17), (20) for (16), (19), one has
There are two unknowns α 1 and α 2 in (21), (22). We use the method of least squares for a nonlinear system which has exact solution to find α 1 and α 2 . The interpolation steps include:
-Choose systems with different nonlinearities whose exact responses are available so that the exact values of exact equivalent linearization coefficients k exact and exact second moments < B 2 > exact , < A 2 > exact , < AB > exact , can be computed; -Substituting k exact , < A 2 > exact , < AB > exact , < B 2 > exact into (7) and (5) to find exact values of squared correlation and weighting coefficients µ exact and p exact ; -Based on p exact and µ exact find α 1 , α 2 of linear functions (21), (22) by using the method of least squares.
In order to carry out those interpolation steps we first look for systems with known exact solutions. Although several oscillators that have the exact responses can be found in literature, see for example [1] [2] [3] [4] [5] [6] [7] , the Lutes-Sarkani oscillator can be chosen due to following reasons:
-It represents a class of nonlinear system and has exact solution.
-It has a continuous linear dependence level.
The equation of Lutes-Sarkani oscillator is governed bẏ
where a is a real positive number, f (t) is a zero mean, stationary Gaussian white noise with spectral density S 0 = const. Indeed, the Eq. (23) may represent a class of Power-law oscillator which has the variable nonlinearity when a varies. Its exact stationary response is given by [6] 
The equivalent linearization equation to (23) iṡ
where k is the linearization coefficient. Because x = 0, the variance of approximate solution reduces to the mean square value. Thus, one gets the relationship
Using the weighted dual criterion with A = γ |x| a sgn (x) , B = |x| sgn (x) = x, first make the following calculations
where the Gamma function Γ (υ) is given by Γ (υ) = ∞ 0 u υ−1 exp (−u) du. Then using (7), (27) yields the linear dependence level
Substituting (26), (27), (28) into (5) to solve p exact yields 
and the results are
It can be seen in Fig. 1 that for 0 ≤ µ ≤ 1/3 the exact data denoted by dots and the interpolation linear function are quite close together whereas for 2/3 ≤ µ ≤ 1 they are quite far apart. Substituting (32), (33) to (21), (22), the weighting coefficient p(µ) is completely defined. The analytical expression of p(µ) is
where the linear dependence level µ is determined by (7) . The graph of p(µ) shown in Fig.  2 where the classical criterion corresponding with p (µ) = 0 is just the lowest line, whereas the dual criterion corresponding with p (µ) = 1/2 is just the middle line. The suggested piecewise linear function p(µ) makes the weighted dual criterion expresses more diverse behavior according to different linear dependence levels. It is seen from Fig. 2 that the graph of p(µ) has a discontinuity point at µ = 1/3. From the left, using p left = −6µ/5 + 1 and (5) one has
From the right, using p right = 1/2 and (5) one has In order to get a harmonic consideration it is supposed that at µ = 1/3 the equivalent linearization coefficient is to be arithmetic mean as follows
Substituting (39) into (5) yields
Summarizing the research above, we can procedure the following steps to calculate the equivalent linearization coefficient k provided by the weighted dual criterion S1. Calculate the expectations B 2 , A 2 , AB using the corresponding equivalent linear equation and/or the approximate solution considered; S2. Calculate the linear dependence level µ from (7) with the supposition that it is explicit; S3. Use of Tab. 3 to find the corresponding weighting coefficient p and the equivalent linearization coefficient k. 
In the next section the application and accuracy of the weighted dual mean square error criterion (2) will be illustrated and examined for several nonlinear systems.
APPLICATION OF WEIGHTED DUAL CRITERION
Power-law nonlinear restoring oscillator
Consider the following nonlinear system
where h, ω 0 , γ, σ, a are positive real constants, γx a is odd function,ξ (t) is Gaussian white noise excitation. The exact mean square solution of this oscillator is [5]
The equivalent linearization equation to (41) is of the form
where k is the linearization coefficient, and the mean square response of displacement is
Using the weighted dual criterion with A = γx a , kB = kx, first make the following calculations in step S1
Then in step S2, using (7), (45) yields Next in step S3, the corresponding equivalent linearization coefficient is calculated by using Tab. 3, then substituting it into (44) to find the mean square response.
Consider the Power-law nonlinear restoring oscillator for various values of a and γ. For evaluating the effectiveness of present criterion, the exact solution and the ones provided by classical and dual criteria available in [5, 9] are used. The result by percentage error are shown in Tabs. 4, 5 and 6. It is seen among considered criteria that, the present criterion gives the best approximation while the dual criterion gives better result than the classical linearization does when a > 1 but becomes worse when a < 1.
Oscillator with nonlinear damping by displacement and velocity
Consider the nonlinear stochastic oscillator governed bÿ
where ζ is the damping constant, ω 0 is the natural frequency, a is positive constant, f (t) is a Gaussian white noise process with spectral density S 0 = const. The exact mean response of the above oscillator is (see [5] )
The equivalent linearization equation is given bÿ
where b is the linearization coefficient. The mean square response of (49) is
Applying the weighted dual criterion with A = ζ ẋ 2 /2 + x 2 /2 ẋ, B =ẋ, first make the following calculations in step S1
with notice of ẋ 2 = ω 2 0 x 2 . Then in step S2 using (7), (51) yields the squared correlation coefficient
(52) Next in step S3, the corresponding equivalent linearization coefficient is calculated by using Tab. 3, then substituting it into (50) to find the approximate response.
Consider the oscillator with nonlinear damping by displacement and velocity when a varies. For evaluating the effectiveness of present criterion, the exact solution and the ones provided by classical and dual criteria are used. The result by percentage error is shown in Tab. 7. For a = 0.0399 corresponding with strong linear dependence level, µ closes to 1 and p(µ) closes to 0. For a = 7.1107 corresponding with weak linear dependence level, µ closes to 0 and p(µ) closes to 1. The classical linearization only gives good results in case µ belongs to the range from 0.85 to 1 while the dual one shows its effectiveness with the value of µ in the range from 0.4 to 1. The present criterion provides the best linear approximation with maximum error is less than 7.5% in comparison with 57.84% and 54.8% provided by the classical and dual ones.
CONCLUSIONS
The development of the dual mean square criterion of the equivalent linearization method leads to a weighted dual mean square criterion in which the normalized weighting coefficient is used for evaluating different contributions of the replacements. The linear dependence level derived from the squared correlation coefficient allows to outline main features of the proposed criterion. Treating weighting coefficient as a function depending on the squared correlation coefficient, its main restrictions is introduced. Using the least squares method for a typical Power-law oscillator, a approximation of weighting coefficient 
